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Abstract
Let E be a vector bundle on Pn . We say E is Buchsbaum if Hp(EM ()) has trivial module
structure for each linear space M and for all 1  p  dimM − 1. In this note, we show that
a Buchsbaum bundle is either an 
-bundle (i.e. a direct sum of 
p(h)’s, where 
p is the pth
exterior power of the contangent bundle of Pn) or the quotient of an 
-bundle by a direct
sum of line bundles. We also give a strategy to characterize/construct Buchsbaum bundles, give
conditions for an 
-bundle to be extendable. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 14C; 14F
In his talk, Ellia introduced the notion of \Buchsbaum bundle" which is a bundle
with cohomological properties analogous to those of the ideal sheaf of a Buchsbaum
subvariety. One encounters such bundles naturally when studying subcanonical Buchs-
baum subvarieties. In this note, we try to characterize the Buchsbaum bundles on Pn
(Theorem 4). We use a special case of a technical proposition in [1] to conclude that
a Buchsbaum bundle is either an 
-bundle (i.e. a direct sum of 
p(h)’s, where 
p is
the pth exterior power of the cotangent bundle of Pn) or the quotient of an 
-bundle
by a direct sum of line bundles L. As an easy corollary, we see that a nontrivial Buchs-
baum bundle E with E = E
p
(m) and rank  n − 1 is a generalized Null-Correlation
bundle (i.e., the quotient of 
(2) by O on Pn, for n odd). Then, given an 
-bundle E
we describe a strategy for nding all possible L, such that a quotient of E by L is a
bundle. As another application of our technical proposition, we give some conditions
(Theorem 10) for an 
-bundle on Pn to be extendable (i.e., to be the restriction of a
bundle on Pn+1). It follows easily that 
p is not extendable (Corollary 12).
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The note is organized as follows: In Section 1 we give the characterization of Buchs-
baum bundles and discuss the extendability of such bundles. In Section 2 we describe
our strategy for nding the possible vector bundles which are the quotients of an

-bundle by a direct sum of line bundles.
1. The characterization
The following denition is given by Ellia.
Denition 1. Let E be a vector bundle on Pn. We say E is Buchsbaum if Hp(EM ())
has trivial module structure for each linear space M and for all 1  p  dim M − 1.
E is nontrivial if it is not a direct sum of line bundles.
Let 
p =
Vp 
 be the pth interior power of the cotangent bundles of Pn. Then
Hp(
p)=k is the only nonzero intermediate cohomology. Hence
L

p(h) is a Buchs-
baum bundle.
Note. By denition, 
0 = O.
Denition 2. Bundles of the form
L

p(h) are called 
-bundles.
The following technical proposition is a special case of Theorem 1:1. in [1] (by
taking i = n− 2).
Proposition 3. Let E be a vector bundle on Pn with the following cohomological
properties:
(i) H n−1(E()) = 0
(ii) Hp(EM ()) has trivial module structure for each linear space M and for all
1  p  dim M − 2.
Then E is an 
-bundle.
Remark 3.1. It follows from the proposition that (i) and (ii) are equivalent to E being
an 
-bundle
L

p(h) with p  n− 2.
Theorem 4. If E is a Buchsbaum bundle; then E is either an 
-bundle or a quotient
of an 
-bundle by a direct sum of line bundles.
Proof. Case 1. H n−1(E()) = 0. Proposition 3 implies that E is an 
-bundle.
Case 2. H n−1(E()) 6= 0. Serre duality gives that H 1(Ep()) 6= 0. Let a1; : : : ; am be
the degrees of the minimal generators of H 1(E
p
()). Identifying LH 1(Ep(ai)) with
Ext1(
L
O(−ai); E
p
), we have the extension
0! E
p
! N
p
!LO(−ai)! 0; (1)
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where N
p
is a vector bundle with H 1(N
p
()) = 0. Hence N has properties (i) and
(ii) in Proposition 3, and is an 
-bundle.
Remark 4.1. Let E be the quotient of an 
-bundle by a direct sum of line bundles,
0!LO(ai)!L
p(h)! E ! 0 (2)
with p  n− 2 and no isomorphisms between O(ai) and the line bundle summands of
the 
-bundle. Then the ai’s are the degrees of the generators of H 1(E
p
(a)) and the
number of copies of 
p(h) corresponds to the dimension of Hp(E(−h)).
Corollary 5. Let E be a nontrivial Buchsbaum bundle on Pn with E = E
p
(m); for
some m. Then rank E  (n− 1)P h1(E(h)).
Proof. Since rank 
p =
( n
p

, Remark 4.1 gives
rank E 
X
pn−2

n
p

hp(E(h))−
X
hn−1(E(h)):
Our assumption E = E
p
(m) implies that
P
h1(E(h)) =
P
hn−1(E(h)). Hence rank E
is at least (n− 1)P h1(E(h)).
Corollary 6. Let E be a nontrivial Buchsbaum bundle on Pn with E = E
p
(m); for
some m. If rank E  n− 1; then E is the generalized Null-Correlation bundle; i.e.; E
is dened by the following short exact sequence:
0! O! 
(2)! E ! 0
and n is odd.
Proof. It follows from Corollary 5 that
P
h1(E(h)) = 1. Remark 4.1 implies that E is
the quotient of 
(h) by a line bundle. So we may assume
0! O! 
(h)! E ! 0:
The quotient E is a vector bundle if and only if the top Chern class of 
(h); cn(
(h))
vanishes. This is the case exactly when h= 2, and n is odd, according to Lemma 7.
Remark 6.1. The case n= 3 was done by Ellia [2].
Lemma 7. cn(
(h)) = 0 if and only if h= 2 and n is odd.
Proof. From the Euler sequence 0 ! 
(1) ! (n + 1)O ! O(1) ! 0, we have the
Chern polynomial of 
(1); ct(
(1))=1− t+ t2 +   +(−1)nt n. The next lemma gives
cn(
(2)) = (−1)n + (−1)n−1 +   + (−1)0. This is 0, when n is odd, and 1 when n
is even. The fact that cn(
(h))> 0 again follows from the next lemma and that 
(2)
being generated by global sections.
The following formula gives the Chern classes of a sheaf after twisting.
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Lemma 8 (Fulton [3]). Let E be a rank r vector bundle on Pn; with Chern classes
c1; c2; : : : . Then the mth Chern class of E(k) is
cm(E(k)) = cm + (r − m+ 1) cm−1k +

r − m+ 1
2

cm−2k2 +   
+

r − 1
m− 1

c1k m−1 +

r
m

k m:
Next, we study the extendability of the 
-bundles. Let E be a bundle on Pn. We
say E is extendable, if there is a bundle F on Pn+1 such that F jP n = E. Hence, we
have
0! F(−1)! F ! E ! 0: (3)
We begin the proof with a lemma.
Lemma 9. Let E be a bundle on Pn; which extends to F on Pn+1. If H n−1(E())=0;
then H n(F()) = 0.
Proof. If H n(F()) 6= 0, we assume k is the largest integer such that H n(F(k)) 6= 0.
Then sequence (3) gives
H n−1(E(k + 1))! H n(F(k))! H n(F(k + 1));
and H n(F(k + 1)) 6= 0. This is a contradiction.
The following theorem is an easy consequence of Proposition 3.
Theorem 10. Let E =
L

p(h) be an 
-bundle on Pn; with p  n− 2. If E extends
to a bundle F on Pn+1 with intermediate cohomologies of trivial module structure;
then F is an 
-bundle.
Proof. To use Proposition 3, we need H n(F())=0. This follows from Lemma 9.
Remark 10.1. In Theorem 10, the hypothesis that F has intermediate cohomologies of
trivial module structure is essential. In the next example, one can see an 
-bundle ex-
tends to a non-
-bundle with intermediate cohomologies of nontrial module structure.
Example 11. Let F be the kernel of a general map ’ : 6
(1)! O on P5. Then F is
a vector bundle [4], and we have
0! F ! 6
(1)! O! 0:
Hence h1(F(−1)) = 6 and h1(F) = 1.
Since ’ is general, (coming from 6 Hom(
(1);O) ’ 6H 0(OP5 (1))), the map
H 0(6
(2))! H 0(O(1)) is surjective. Hence H 1(F(1))=0. Now Castelnuovo{Mumford
regularity Theorem implies that H 1(F( 1))= 0, therefore H 1(F(−1)) and H 1(F) are
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the only two nonzero intermediate cohomologies. If the map
H 1(F(−1))! H 1(F)
is not surjective, then it is zero. Hence,
H 1(F(−1)) = H 1(FM (−1)) and H 1(F) = H 1(FM )
for each linear space M , and H 1(FM ()) has trivial module structure. Proposition 3
implies that F is an 
-bundle having 6
(1)  
 as a direct summand. On the other
hand, from construction, rank F = rank(6
(1))− 1. This is a contradiction. Therefore
H 1(F()) does not have trivial module structure and h1(E) = 6 is the only nonzero
intermediate cohomology for E, where E = F jP4 .
Corollary 12. Let E=
L

p(h) be an 
-bundle on Pn; with p  n−2. If E extends to
a bundle F on Pn+1 with intermediate cohomologies of trivial module structure; then
E=
L
(
p(h)
p−1(h−1)). In particular; 
p(h) is not extendable for 1  p  n−1.
Proof. The rst part of the Corollary is true because 
p(h)jH =
pH (h)
p−1H (h− 1).
For the second half of the Corollary, we notice that 
p(h) can be extended only to
bundles with intermediate cohomologies of trivial module structure. In fact, if 
p(h)
is extended to F , then F has only one nonzero intermediate cohomology. One can see
this easily from the restriction sequence
0! F(−1)! F ! 
p(h)! 0:
If k is the smallest such that Hi(F(k)) is nonzero, then Hi(
p(h+k)) is nonzero. Hence
i=p and k =−h. For the case p= n− 1, we notice that 
p(h)= [
n−p(n+1− h)]
p
.
Remark 12.1. 
p(h) is not extendable was rst proved by Ellia [2].
2. The strategy
In this section we describe a strategy to nd all possible L, such that the quotient
of a given 
-bundle by L is a vector bundle. What we have here is a nice property of
the 
-bundles that it is easy to lter them by bundles which are generated by global
sections as soon as they have sections.
The following facts are used.
Fact 1. If E is generated by global sections; then ci(E)  0.
Fact 2. If E is generated by global sections; and Q is dened by
0! rO! E ! Q ! 0;
then Q is generated by global sections and ci(E) = ci(Q).
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Fact 3. Let Si be a direct sum of line bundles. Assume
0! S1 ! E ! Q1 ! 0 and 0! S2 ! Q1 ! Q2 ! 0;
then 0! S1  S2 ! E ! Q2 ! 0.
Fact 4. If the quotient of E by m sections is not a vector bundle; then its quotient
by m+ 1 sections is not a vector bundle.
Fact 5. Let E be a bundle of rank r = n+m on Pn. Assume that E is generated by
global sections. If cn(E)> 0 (respectively; cn(E)= 0); then the quotient of E by  m
sections (resp.  m + 1 sections) is a vector bundle. (Since the quotient of E by a
nowhere vanishing section is a vector bundle; and if E is generated by global sections
and rank E>n; then E has a nowhere vanishing section.)
Fact 6. 
p(p+ 1) is generated by global sections and H 0(
p(<p+ 1)) = 0.
Fact 7. ci(
p(h))> 0; for p> 0; h  p+ 1; and i<n.
3. The strategy
We may assume that the quotient has no 
-bundles as a direct summand.
(1) We write the 
-bundle E as E1      Em, where Ei(ai) is generated by global
sections, H 0(Ei(<ai)) = 0 and 0 = a1<a2<   <am. (This is possible, because of
Fact 6.) For technical reason, we allow Ei to be zero.
(2) Since we may assume that there is no isomorphism between summands of the
direct sum of line bundles L and those of the 
-bundle E, we have rank E1 = n+ s1,
where s1  0. We take
0  r1  s1 for cn(E1)> 0;
and
0  r1  s1 + 1 for cn(E1) = 0:
(Note that E1 is generated by global sections by assumption.) The quotient of E1 by
r1 sections is a vector bundle Q1, according to Fact 5. Also rank Q1  n − 1 and
ci(Q1)  0.
(3) Let E02=(Q1E2)(a2). We write rank E02=n+s2, where s2  0. Then ci(E02)> 0,
for all i. (Fact 7 and Lemma 8). We quotient E02 by r2 sections, where 0  r2  s2.
We call this quotient Q2.
(4) Repeat (3).
(5) It is clear from all the Facts that any quotient bundle Ql can be obtained in this
way after l steps, for some l  m, and we have
0! r1O r2O(−a2)     rmO(−am)     rlO(−al)! E ! Ql ! 0: (4)
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Remark. For Ql to be Buchsbaum, we need the additional condition that H n−1(Ql())
has trivial module structure. So we propose the following.
Problem. Find conditions on pj; hj; ri and ai such that, in sequence (4) above with
E =
L

pj (hj), the quotient Ql is Buchsbaum.
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